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Given a trajectory described by a time-dependent density matrix of an arbitrary open quantum system, we
formulate a general and unambiguous method to separate the internal energy change of the system into one part
which entails pure entropy change and another part with no entropy change. We identify these parts as heat
and work, respectively. Using a universal dynamical equation for a trajectory, we specify a dissipative part of
the energy change of work type, which contains a counterdibatic drive term naturally arising from the dynamics
along the given trajectory. This enables us to attribute heat and work, respectively, to dissipative and coherent
parts of the universal dynamical equation. We illustrate our formalism with an example.
Introduction.—Quantum thermodynamics holds a central
stage at the interface of quantum information science, statisti-
cal mechanics, and quantum technologies, and it has shed new
light on the laws of thermodynamics in the quantum regime
[1–15]. Apart from uncovering a plethora of new phenom-
ena, quantum thermodynamics has also motivated efforts to
engineer quantum machines in the laboratory [16–20].
Yet, fundamental issues remain to be clarified. Most
notably, except for particular regimes (e.g., weak-coupling,
Markovian dynamicswith slowHamiltonian [21]), an unequiv-
ocal definition of heat and work in arbitrary open dynamics
has been elusive. One problem is that such thermodynamic
variables are not observables described byHermitian operators
[22]; rather, they are trajectory-dependent [23–27]. Existing
definitions mostly incorporate generators of the dynamics (be-
sides the state) and dynamical master equations with coherent
and dissipative parts [10, 21, 28–32]. For instance, in the
widely-used standard framework [21, 33] the internal energy
change due to the dissipative (coherent) part of the master
equation has been called heat (work) change. An alternative
strategy uses the potential of mean force that amounts to pre-
averaging the total partition function over the environmental
degrees of freedom [28–32]. In addition, there are semiclassi-
cal approaches where a coarse-grained version of the system
state in the energy eigenbasis and semiclassical definitions of
heat and work have been employed [34–36].
Despite extensive efforts, many of the existing approaches
neither are consistent with each other nor do they always repro-
duce expected results according to thermodynamics. Although
there exist attempts to alleviate or overcome such problems and
inconsistencies through ad hoc methods [32, 37, 38], the issue
seems still open and not fully resolved.
To further clarify the issue, we make three remarks re-
garding the standard framework [21]. (i) Such definitions
have been originally devised only for particular conditions,
e.g., a Markovian dynamics with a constant or relatively slow-
varying Hamiltonian, where additionally the dissipative part
does not explicitly depend on the physical systemHamiltonian.
However, these definitions have also been indiscriminately ex-
tended tomore general scenarios. Note that recently amodified
master equation has also been proposed wherein the dissipa-
tive part may explicitly depend on the physical Hamiltonian
of the system [39]. Thus, in such physical scenarios external
driving may also contribute to the heat exchanged. This point
introduces further ambiguities and hinders a clear and thermo-
dynamically consistent assignment of heat and work concepts.
(ii) Since the description of the dynamics in the form of con-
ventional Lindbladmaster equation is not unique [40], different
energy values can be assigned to differently chosen generators
of the same dynamics. This indicates that part of the energy
assigned to the dissipative part of the master equation may
not necessarily lead to an entropy change, hence it is of work
type. Specifically, starting from initial states chosen from a
special set, known as the decoherence-free subspace [41, 42],
its dynamics leads to no dissipation along the corresponding
trajectories and all the energy change would be work. (iii) Al-
though in the standard framework it is only the dissipative part
of the dynamics that contributes to entropy change, as we ar-
gue later, not the whole dissipative part indeed yields entropy
change—and hence heat change. This necessitates a rigor-
ous analysis to partition the dissipative part to terms yielding
entropy (heat) change and terms lacking such a property. A
precursor approach to partially remedy this issue has been pro-
posed in Ref. [43], where heat has been defined by subtracting
ergotropy (maximum extractable work from a quantum system
in a cyclic unitary process) [44] from the dissipative part of the
internal energy change by considering a virtual instantaneous
unitary transformation. Nevertheless, a clear extension of er-
gotropy to open systems is still elusive, and since this extra
transformation does not rely on the real physical dynamics,
trajectory-dependent quantities such as heat can be fictitious.
In this Letter, on pure thermodynamic and geometric
grounds, we circumvent the issues and ambiguities discussed
above and put forward a set of universal definitions for heat,
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2work, and entropy production based explicitly on trajectories
in the state space of a quantum system. Our framework is
general and independent of the dynamics which generates the
trajectory—hence applicable to arbitrary scenario. In partic-
ular, following standard thermodynamics wherein if entropy
remains constant in a process, the corresponding energy ex-
change should be labeled as work [45, 46], we define heat
solely as the part of the internal energy of the open system
which is associated with the entropy change.
Consider the evolution of the system in a time interval
t ∈ [0, t f ] described by a time-dependent density matrix %(t),
expressed in its spectral decomposition as
%(t) = ∑g(t)
k=1rk(t)|rk(t)〉〈rk(t)|. (1)
One can consider {%(t); 0 6 t 6 t f ]} as a trajectory in the
state space of the system, starting from a given %(0). Noting
that dS = −∑k Ûrk ln rkdt changes only when the eigenvalues
change, we define the heat and work change, respectively, as
dQ =
∑
k Ûrk 〈rk |H |rk〉dt, (2)
dW =
∑
krk
(〈 Ûrk |H |rk〉 + 〈rk | ÛH |rk〉 + 〈rk |H | Ûrk〉)dt, (3)
where dot denotes time derivative, H is the physical Hamilto-
nian of the system, and for brevity we have dropped all time
dependence. We justify why these definitions are physically
relevant and how they satisfy the expected thermodynamic
properties. Technically, our formulation hinges on a recently
proposed trajectory-based shortcut to adiabaticity (TB-STA)
framework for open-system dynamics, which identifies a par-
ticular dynamical equation of motion that generates the given
time-dependent density matrix or trajectory [47]. This tech-
nique, based on the general Lindblad-like equation described
later, has no limitations on the system-bath coupling. Since
the TB-STA equation describes a given trajectory, its coher-
ent and dissipative parts are directly related to the coherences
and dissipation in the course of evolution, which contrast with
the conventional Markovian master equation. Our main result
shows that, among all possible dynamical equations describing
a given trajectory, TB-STA allows for an unambiguous defini-
tion of heat and work for any system. We prove that energy
exchange assigned to the dissipative part of the equation is
accompanied by entropy change, hence it is heat. The coher-
ent part, that does not involve entropy change, corresponds to
dissipative work, which properly accounts for the work done
on the system through its interaction with the bath.
Dynamical analysis in terms of TB-STA.—If %(t) in Eq. (1)
is full-rank, by constructing a virtual Hamiltonian [48] as
H(t) = ∑kk(t)|rk(t)〉〈rk(t)|, (4)
where k(t) = −β−1 ln(rk(t)Z(t)) and β is the inverse tempera-
ture of the bath (in the natural kb ≡ ~ ≡ 1 units), we can recast
% in the Gibbsian-like form
%(t) = e−βH(t)/Z(t), (5)
with Z(t) = Tr[e−βH(t)]. Note that for an arbitrary dynamics,
generated by the real (physical) Hamiltonian of the systemH(t)
and interactions with the bath, H(t) does not necessarily cor-
respond to H(t). However, having a trajectory {%(t)} at hand,
we can simply construct an associated dynamical equation for
it by differentiating %(t) (1) and using Eq. (4). This yields the
following Lindblad-like equation [47]:
Û% = −i[Hcd, %] +Dcd[%], (6)
where
Hcd = H + h, (7)
h = i
∑
k (| Ûrk〉〈rk | − 〈rk | Ûrk〉|rk〉〈rk |) , (8)
Dcd[%] = ∑k jck j (Lk j %L†k j − 12 {L†k jLk j, %}), (9)
Lk j = |rk〉〈rj |, ck j = Ûrk/(grj). (10)
Several remarks: (i) Hcd is a counterdiabatic (CD) Hamil-
tonian associated to H [47], with the extra geometric term h
accounting for parallel transport [49, 50]; (ii) in the CD dis-
sipator Dcd the anticommutator identically vanishes, whence
the dissipator reduces exclusively to jumps in the instantaneous
eigenbasis of %; and (iii) the dynamical equation (6) is univer-
sal, irrespective of any physical manner in which the system
has obtained this trajectory. That is, the dynamical equation
for a trajectory is different from its master equation [51].
Unambiguous definitions of heat and work.—To remove am-
biguities described earlier and to establish the definitions of
heat and work on a firm ground for arbitrary quantum dynam-
ics, we consider a trajectory {%(t); t ∈ [0, t f ]} as in Eq. (1).
The system internal energy,
U = Tr[%H], (11)
changes along the trajectory with t → t + dt asU → U = U +
dU, where dU = Tr[d%H]+Tr[%dH]. By introducing concepts
of heat Q =
∫ t
0 dt Tr[ Û%H] and work W =
∫ t
0 dt Tr[% ÛH], the
energy change can be recast as
dU = dQ + dW, (12)
which is the first law of thermodynamics.
Next we write dQ by differentiating Eq. (1) as
dQ =
∑
k Ûrk 〈rk |H |rk〉 +
∑
krk
(〈 Ûrk |H |rk〉 + 〈rk |H | Ûrk〉) . (13)
The first term on the right-hand side originates from a change
in the eigenvalues of the state; it would contribute when not
all Ûrks vanish. Note that this is the very condition responsible
for the change of the entropy S(%) = −Tr[% ln %], because
dS = −∑k Ûrk ln rk dt . (14)
In other words, the time variations of the first term in dQ and
dS are concomitant (when the first is nonzero, so would be the
second; the reverse seems also true, except under rare condi-
tions). However, the second term does not change the entropy,
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FIG. 1. Schematic representation of different parts of internal energy
change in dissipative evolution of the system density matrix %. Given
a trajectory {%(t)} for a system which is in contact with a bath, part
of the energy change in the system is in the form of heat dQ. In
addition to the work done by or on the system due to driving its
physical Hamiltonian dW , there is another part, dissipative work
dWcd, which is performed to keep the system on the given trajectory.
and is solely associated with the eigenvectors’ change in time.
Additionally, the first term can be rewritten asTr
[
Dcd[%]H
]
dt,
which is related to the dissipative part of the trajectory dynam-
ical equation (6); whereas the second term can be rewritten as
−iTr[[H,Hcd]%]dt, which is associated to the coherent part of
the dynamical equation—hence dissipativework. These obser-
vations about the separation in dQ are sufficiently compelling
to prompt us to introduce the following modified definitions
for the (infinitesimal) exchanged heat and work:
dQ ≡ dQ − dWcd = Tr
[
Dcd[%]H
]
dt, (15)
dW ≡ dW + dWcd = Tr
[
%
( ÛH − i[H,Hcd]) ]dt, (16)
where the dissipative work
dWcd =
∑
krk
(〈 Ûrk |H |rk〉 + 〈rk |H | Ûrk〉)dt (17)
= −iTr[[H,Hcd]%]dt
is generated due to the CD evolution and prevents the sys-
tem from deviating from its trajectory. In this framework the
exchanged work variation is due to both driving the system
through varying its physical Hamiltonian (dW) and the CD
evolution along the system trajectory (dWcd). Importantly,
unlike Ref. [49], the CD term here is not related to an external
physical CD control of the system Hamiltonian, but rather, it
corresponds to the natural CD evolution of the system along
the state trajectory (Fig. 1). It is immediate that we also
recover the first law of thermodynamics [cf. Eq. (12)],
dU = dQ + dW. (18)
Relation to semiclassical definitions.—In the semiclassical
formulation of thermodynamics for quantum systems, heat and
work are defined differently [36]. Assuming the instantaneous
spectral decomposition of the physical Hamiltonian of the sys-
tem H =
∑
n En |En〉〈En | and using this energy basis, the in-
ternal energy (11) becomes the average energyU =
∑
n pnEn,
where pn = 〈En |%|En〉 is the population of the energy eigen-
state |En〉. Now from
dU =
∑
n ÛpnEn dt +
∑
n pn ÛEn dt, (19)
one can read the semiclassical heat and work variations as
dq =
∑
n ÛpnEn dt, (20)
dw =
∑
npn ÛEn dt. (21)
However, if rather than the instantaneous eigenbasis of the
physical Hamiltonian H, in the internal energy U (11) we use
the instantaneous eigenbasis of the state % [Eq. (1)], then
U =
∑
k rkHk and
dU =
∑
k ÛrkHk dt +
∑
krk ÛHk dt, (22)
where Hk = 〈rk |H |rk〉. Similar to the semiclassical setting,
one can now read the first term as the heat variation and the
second term as the work variation. We observe that these are
equivalent to the TB-STA definitions [Eqs. (15) and (16)],
dQ =
∑
k ÛrkHk dt, (23)
dW =
∑
krk ÛHk dt. (24)
In fact, one can argue that the instantaneous eigenbasis of % is
preferred [52]. A closer inspection of dq reveals that it indeed
includes the energy (not heat) change dWcd we have assigned
to the CD Hamiltonian in the form of work,
dq = dQ + dWcd +
∑
n
(〈 ÛEn |%|En〉 + 〈En |%| ÛEn〉)dt. (25)
Thus, we conclude that in general the semiclassical defini-
tions of heat and work fail to properly account for the various
contributions to the internal energy exchange.
Irreversible entropy production.—The entropy change dS
[Eq. (14)], together with the heat variation dQ [Eq. (15)] and
the Gibbsian-like representation of the state trajectory [Eq.
(5)], give the change in the irreversible entropy Sir as
dSir ≡ dS − βdQ = β∑k Ûrk 〈rk |(H − H)|rk〉dt, (26)
which depends on the difference between the virtual and the
real Hamiltonians of the system. Alternatively, the irreversible
entropy change can be written [53] in terms of the relative
entropy S(%‖%eq) = Tr[% ln % − % ln %eq] between the evolving
state % and the canonical Gibbs state defined in terms of the
instantaneous system Hamiltonian H and the temperature of
the bath, %eq(t) = e−βH(t)/Tr[e−βH(t)], i.e.,
dSir = −dS(%‖%eq) + βdWcd − βTr[(% − %eq) ÛH]. (27)
Two cases can be discerned here. (i) It is straightforward
to see that when the system is dynamically closed and does
not interact with any bath (i.e., the state evolves unitarily as
Û% = −i[H, %]), we have Ûrk = 0∀k, hence dU = dW = dW
and dSir = dS = dQ = dQ = dWcd = 0, that is, there is
no heat and no irreversible entropy production, and only work
4contributes to the internal energy. This also naturally includes
phase-space preserving cooling [54].
(ii) When the system is open but interacts with the bath
only weakly, under some conditions [55] its state trajectory
(for any initial condition) obeys a Markovian Lindblad master
equation Û% = −i[H ′, %] + D[%], where H ′ = H + HLamb is
the physical Hamiltonian of the system modified with a bath-
induced Lamb-shift correction HLamb, andD[·] = ∑α cα (Lα ·
L†α − (1/2){L†αLα, ·}
)
is the quantum dissipator accounting
for the main influence of the bath [56, 57]. Here cα > 0
and Lα are the rates and jump operators, respectively. Under
some conditions [56–59], such dynamics yields a Gibbs state
%eq = e−βH/Z as the unique asymptotic state at t →∞. When
the physical Hamiltonian H is externally driven (relatively
slowly), then we obtain dW = Tr[% ÛH], dQ = Tr[D[%]H],
and dSir = dS − βdQ. However, the TB-STA definitions in
general yield dW , dW and dQ , dQ; i.e., the bath may also
contribute to dissipative work.
When the system is initially prepared in %0 = %eq(0), if
the physical Hamiltonian varies adiabatically [60, 61], the
trajectory shall also remain almost at the equilibrium path,
%(t) ≈ %eq(t) [62, 63]. That is, in thermodynamic language,
the system is changed quasistatically. Here |rk〉 ≈ |Ek〉, h ≈ 0,
H ≈ H, and thus dSir ≈ 0, dS ≈ βdQ, dWcd ≈ 0, and dQ ≈
dQ. This is manifestation of thermodynamic reversibility [45].
Thermodynamic irreversibility is associated with a nonva-
nishing irreversible entropy production, dSir , 0. In classical
thermodynamics, the second law describes a nonnegative ir-
reversible entropy production rate [45]. In the weak-coupling
regime, if the evolution follows a quantumMarkovianLindblad
master equation with an externally driven physical Hamilto-
nian where the instantaneous steady state of the dynamics is
a Gibbsian state %eq(t), it has been shown that dS − βdQ > 0
[10, 33]. From Eqs. (15) and (26), this implies that
dSir > βdWcd, (28)
which lower-bounds the irreversible entropy production in
terms of the CD work. In addition, we note that as a result
dS(%‖%eq) 6 −βTr[(% − %eq) ÛH] follows.
Atom in a Markovian bath.—As an example we consider an
atom with the Hamiltonian H = ω0σz that weakly interacts
with a Markovian heat bath at inverse temperature β, such that
its evolution is given by the master equation [56]
Û% = −i[ω0σz, %] + γ
(
σx %σx − %
)
, (29)
where ω0 and γ are positive constants, and σx and σz =
|0〉〈0| − |1〉〈1| are the x- and z-Pauli matrices. The change
in the internal energy of the atom ÛU = Tr[H Û%] is fully due to
the dissipative part of the dynamics, ÛU = −2γω0〈σz〉, where
〈σz〉 = Tr[σz %]. We consider three different cases (for details,
see Ref. [53]). (i) The initial state of the atom is a thermal state
%(0) = e−βω0σz /Tr[e−βω0σz ] with initial inverse temperature
β. In this case, we obtain ÛQ = ÛU = 2γω0e−2γt tanh(βω0),
Ûq = ÛQ. and Ûw = ÛW. (ii) The initial state of the atom is a pure
state (1 + σx)/2. One can see that ÛU = ÛQ = ÛW = Ûq = Ûw = 0.
t
<latexit sha1_base64="XXddk0p8cn4Rv+5/BamcG6zLsEg=">AAAC8XicbVJba9RAFJ6Nt7peevHRl8GtUGRdkhWpD0UqSvFFrLTbFnZDmcye3QydSYaZE3Ed8 hN8VXwTX/1D+m+cpEE2Wz8I58u5fPPlZBIthcUw/NMJrl2/cfPW2u3unbv37q9vbG6d2LwwHEY8l7k5S5gFKTIYoUAJZ9oAU4mE0+TidVU//QjGijw7xoWGWLF5JmaCM/Spo23cPt/ohYOwBr1Koob0SIPD883O78k054WCDLlk1o6jUGPsrBRTsGV3UljQjF+wOYw9zZgCG7vaakkf+8yUznLjnwxpnV2ecExZu1BJ30fFMK1i1Wn70z r2ET4hz5X2UlXdtoYT1U8StWIBZy9iJzJdIGT80sGskBRzWi2EToUBjnLhCeNGoOCUp8wwjn5tLSWuEiPmKda+LGcSCl3x2KH2H1/b9Ge/Ab8VAwf+9YApIRfu/XFUOv2Zl65dPkqZhqWqKp3AsktbcHtPX1JLn9BxNBg+j6nvVGIXl7XeeROvpE5ZAugmlaVa7p/wiuJ/0Bzt70K0+uevkpPhIHo2GH4Y9vZ3mluxRh6SR2SHRGSX7JO 35JCMCCdz8oV8Jd8CG3wPfgQ/L1uDTjPzgLQQ/PoLFHPmdw==</latexit>
     
-
-
-
-
-

dQ
dWcd
dU
     
-



	
 dQ
dS
U˙
˙
˙
S˙
˙
FIG. 2. Internal energy rate (solid orange), TB-STA heat exchange
rate (solid blue), and work exchange rate (dashed red) vs. time, for an
atom in a heat bath as given byEq. (29), with γ = 0.1 andω0 = 1. The
total internal energy, heat, and work are ∆U = −0.25, ∆Q = −0.138,
and ∆W = −0.112, respectively, where ∆X =
∫ 10
0 dt
ÛX .
(iii) Starting from %(0) = (1 + (σx + σz)/2)/2 and obtaining
the instantaneous state of the system, we can obtain the heat,
work, and internal energy change in the system—Fig. 2. It
can be shown that Ûq = ÛU = −(γ/2)e−2γt and Ûw = 0.
Summary.—We have revisited the assignment of thermody-
namic variables to an open quantum system strongly coupled
to a bath. In general, when the system-bath interaction en-
ergy cannot be neglected, there is no unique way of separating
the system internal energy from that of the bath. Despite this
fundamental problem, by introducing a dissipative work, we
have shown that it is possible to consistently split the internal
energy change into heat change and work change. The key
ingredient is to use the trajectory-based description of the den-
sity matrix of the system and its associated equation of motion,
which is universally valid for any coupling strength, and yields
a spectral decomposition of the density matrix separating the
changes in the system eigenvalues from those of the eigen-
vectors. Interestingly, the latter terms correspond to a natural
counterdiabatic evolution of the system that forces its density
matrix to follow a given trajectory. Further, we have shown
that the semiclassical definitions for heat and work, based on
expressing the system state in terms of the energy eigenba-
sis, does not in general properly account for the separation of
heat and work. The consistency of our formalism has been
illustrated with the example of an atom weakly coupled to a
Markovian heat bath.
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Note added.—After completion of this work, we became
aware of another independent work with entropy-based sepa-
ration of energy [64].
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7Supplementary Material
Details of the example
Case (i)
The initial state of the atom is a thermal state %(0) = e−βω0σz /Tr[e−βω0σz ] with initial inverse temperature β. In this case, the
trajectory becomes
%(t) = ∑k=0,1 12 (1 + (−1)k+1e−2γt (βω0)) |rk〉〈rk |, (30)
where {|r0〉 = |0〉, |r1〉 = |1〉}. Since %(t) is diagonal in a time-independent basis, its change is only due to the change
in the eigenvalues and thus the whole internal energy change is due to the heat exchange with the bath, ÛQ(t) = ÛU(t) =
2γω0e−2γt tanh(βω0). A direct calculation also shows that Ûq(t) = ÛQ(t) and Ûw(t) = ÛW(t).
Case (ii)
The initial state of the atom is a pure state %(0) = (1/2)(1 +σx), which is a steady state for the dissipative part of the dynamics
D[%(0)] = 0. However, the time evolution of the state, i.e., %(t) is not an steady state of the dissipative part and is given by
%(t) = (1/2)1 + c(t)|0〉〈1| + c∗(t)|1〉〈0|, (31)
where
c(t) = e−γt (∆ cosh(∆t) + (γ − 2iω0) sinh(∆t))/(2∆), (32)
and ∆ = (γ2 − 4ω20)1/2. From the expression for ÛU(t) in the main text,
ÛU(t) = −2γω0〈σz(t)〉, (33)
it is evident that although the state of the system varies in time, the system internal energy does not change, ÛU(t) = 0.
By calculating the eigenvalues and the eigenvectors of %(t) as follows:
r±(t) = 12 ±
e−γt
2∆
(
γ2 cosh(2∆t) + γ∆ sinh(2∆t) − 4ω20
)1/2
, (34)√
N±(t)|r±(t)〉 =
(
γ2 cosh(2∆t) + γ∆ sinh(2∆t) − 4ω20
)1/2
∆ cosh(∆t) + (γ + 2iω0) sinh(∆t) |0〉 ± |1〉, (35)
where N± is the normalization factor for |r±(t)〉, it can be shown that ÛQ(t) = ÛW(t) = Ûq(t) = Ûw(t) = 0.
Case (iii)
Starting from %(0) = (1 + (σx + σz)/2)/2 and obtaining the instantaneous state of the system, we can obtain the heat,
work, and internal energy change in the system. Figure 2 of the main text illustrates the results. It can be shown that
Ûq(t) = ÛU(t) = −(γ/2)e−2γt and Ûw(t) = 0.
Connection among irreversible entropy, relative entropy, and dissipative CD work [Eq. (27)]
Consider the relative entropy
S(%‖%eq) = Tr[% ln % − % ln %eq], (36)
where %eq is the canonical form of the instantaneous Gibbs state, %eq = e−βH/Zeq, with the partition function Zeq = Tr[e−βH ].
Using % =
∑
k rk |rk〉〈rk |, it follows that
S(%‖%eq) =∑krk ( ln rk − 〈rk | ln %eq |rk〉)
=
∑
krk ln rk + βTr[%H] + ln Zeq. (37)
8By time differentiation we obtain
dS(%‖%eq) =∑k Ûrk ( ln rk − 〈rk | ln %eq |rk〉)dt −∑k rk (〈 Ûrk | ln %eq |rk〉 − β〈rk | ÛH |rk〉 + 〈rk | ln %eq | Ûrk〉 − ÛZeq/Zeq)dt. (38)
Using the relations
dS = −∑k Ûrk ln rk dt, (39)
dWcd =
∑
krk (〈 Ûrk |H |rk〉 + 〈rk |H | Ûrk〉) dt, (40)
dQ =
∑
k Ûrk 〈rk |H |rk〉 dt, (41)
ÛZeq/Zeq = −β[ ÛH%eq], (42)
it follows that
dSir = −dS(%‖%eq) + βdWcd − βTr[(% − %eq) ÛH], (43)
where we have introduced the irreversible entropy change dSir ≡ dS − βdQ.
As dSir > βdWcd, we also note that
dS(%‖%eq) 6 −βTr[(% − %eq) ÛH]. (44)
